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The presence of massive neutrinos affects the growth of large-scale structure in the universe,
leaving a potentially observable imprint on the abundance and properties of massive dark matter-
dominated halos. Cosmological surveys detect large numbers of these halos in the form of rich
groups and clusters, using the information as an input to constraining the properties of dark energy.
We use a suite of N-body simulations that include the effects of massive neutrinos as well as of
dynamical dark energy to study the properties of the mass function. As in our previous work, we
follow an approach valid at low neutrino mass, where the neutrino overdensities are assumed to be
too small to act as a significant nonlinear source term for gravity. We study how well a universal form
for the halo mass function describes our numerical results, finding that the use of an appropriate
linear power spectrum within the formalism yields a good match to the simulation results, correctly
accounting for the (neutrino mass-dependent) suppression of the mass function.
I. INTRODUCTION
Currently available cosmological observations are
well explained by the standard paradigm of the
ΛCDM model [1–3] which presently consists of a cos-
mological constant, cold dark matter, a small fraction of
baryonic matter, and an even smaller fraction of mass-
less species including photons and neutrinos. Results
from neutrino flavor oscillation experiments show that
neutrinos, while light, are not massless: the difference
of squared masses of neutrino species is at least m221 =
(7.53±0.18)·10−5eV2 [4]. This is the first extension of the
neutrino sector in the Standard Model and it is possible
that this sector is more complex (see, e.g., Ref. [5]). The
most stringent non-cosmological upper limits on neutrino
masses come from Tritium beta-decay experiments and
constrain the electron neutrino mass mνe
<∼ 2eV at the
95% limit [6]. On the other hand, the most recent Planck
Collaboration results [7] provide a 95% upper bound on
the sum of neutrino masses to be
∑
mν <∼ 0.24eV us-
ing the cosmic microwave background (CMB) tempera-
ture and polarization power spectrum along with mea-
surements of CMB lensing. While these constraints are
somewhat sensitive to the high-l modeling of the polariza-
tion spectrum and lensing of the CMB, the constraint on
the sum of masses improves to
∑
mν <∼ 0.12eV when the
Planck temperature and polarization anisotropy spectra
are used in combination with baryon acoustic oscillation
(BAO) data from BOSS [2]. Thus, the most competitive
constraints on the masses of neutrinos at current times,
and for the foreseeable future, are provided by cosmology.
Massive neutrinos alter the cosmic evolution and
the large-scale structure distribution relative to a
ΛCDM model, leaving an imprint on several observables
at different length scales (for recent reviews, see Refs. [8–
10]). Ongoing and future cosmological surveys such as
the Dark Energy Survey (DES) [11], the Dark Energy
Spectroscopic Instrument (DESI) [12], the Large Synop-
tic Survey Telescope (LSST) [13], and the Square Kilo-
meter Array (SKA) [14], which are designed to probe the
accelerating universe, will also be sensitive to the pres-
ence of massive neutrinos. Such observations will poten-
tially provide the tightest constraints on neutrino masses
and may even be able to discriminate between the nor-
mal and inverted mass hierarchies [10]. It has also been
noted that some of the imprints on cosmological observ-
ables due to neutrino masses are degenerate with effects
that can be attributed to different models of dark energy,
as noted, for example, in Ref. [15]. Therefore, in order
to constrain neutrino masses or dark energy from survey
data, it is important to study the behavior of the rel-
evant observables, simultaneously allowing variations in
dark energy parameters and neutrino properties.
Future observations will combine measurements of the
CMB anisotropies with probes of fluctuations of the mat-
ter density at different scales and redshifts, typically mea-
sured using two-point statistics (e.g., BAO, weak gravita-
tional lensing). In addition, the measured abundance of
late-forming and relatively rare objects like galaxy groups
or clusters provides very useful information related to
dark energy. This information is conveniently encoded
in the number density of halos as a function of mass at a
particular redshift, i.e., the halo mass function. Due to
the dynamics of massive neutrinos, replacing a fraction
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2of dark matter by massive neutrinos in the cosmological
matter budget, leads to a suppression of the mass func-
tion, reducing the numbers of clusters for a given vari-
ance in density of fluctuations. We will study this effect
in detail in this paper, using cosmological simulations.
In the context of a ΛCDM model or a wCDM model,
where the equation of state of dark energy is character-
ized by a model parameter, w, constant in time, the re-
quirements for calculating precise and accurate cluster
mass functions have been studied extensively. Histori-
cally, the cluster mass function was first estimated by
Press and Schechter [16] in an Einstein de-Sitter model
through an ansatz that mapped the linear matter power
spectrum to the mass function through a redshift inde-
pendent mapping, with parameters obtained from spher-
ical collapse. A key characteristic of the Press-Schechter
approach is universality: aside from background quanti-
ties like densities, only the mass variance as a function
of smoothing scale at the redshift of interest (σ(R, z) at
different R) is required to estimate the mass function. In
order to provide a good match from the predictions to
results from N-body simulations of multiple cosmological
models, the mappings required modifications which led
to significantly more accurate fits [17, 18] that still re-
spect universality. Further detailed studies extending to
wCDM models use redshift dependent mappings [19, 20]
to match the results of N-body simulations, mildly break-
ing universality at low redshifts. The study of multiple
wCDM models in Ref. [20] demonstrated that calculat-
ing the spherical collapse critical density parameter, δc,
for the cosmological model in question does not improve
the match of the mass function fits to the simulation re-
sults (see also Ref. [18]). It was shown that semi-analytic
fits match N-body results across cosmologies only at the
10-15% level of accuracy, leading to efforts to develop
emulators [21, 22] to predict the halo mass function for
different cosmologies.
While progress on providing predictions for the mass
function has been made for cosmologies including massive
neutrinos both in terms of semi-analytic work [23–26] as
well as estimates based on N-body simulations [27–30],
detailed studies in the context of wCDM models includ-
ing neutrinos have not been carried out. Obtaining good
estimates of the cluster mass function is challenging, re-
quiring high statistics of halo abundance, with large num-
bers of halo particles, along with other requirements (see,
e.g., Ref. [20]). Adding neutrinos, a form of “hot” dark
matter, can cause a number of numerical problems if not
done carefully. Because of their small masses, neutrinos
have high thermal velocities at early times, leading to
problems in particle simulations involving neutrinos as a
separate species. Additionally, the low mass of the neu-
trino tracer particles compared to the CDM tracer parti-
cles can create unphysical scattering-induced segregation
effects.
These problems are exacerbated for small neutrino
masses, like the ones indicated by the recent cosmological
data from Planck. Recent efforts to counter this usually
involve approximations of some form, such as starting the
simulations at a later stage [27], or adding a linear power
spectrum from neutrinos [29]. The method for including
the effects of massive neutrinos in dynamical dark energy
N-body simulations that we use here follows our earlier
work in Ref. [31]; as further discussed in Section II below,
this method allows us to bypass many of the issues that
make including neutrinos problematic in other schemes.
The paper is organized as follows. In Section II we first
give a brief introduction describing the effects of neutri-
nos on the large-scale structure distribution. Next, we
discuss our implementation of massive neutrinos in the
simulation code HACC (Hardware/Hybrid Accelerated
Cosmology Code) and introduce our approximate treat-
ment of neutrinos. In Section III we provide a discussion
of universality and how the concept is employed in our
mass function fitting approach. We then describe the
set-up of our simulations in Section IV. In Section V we
show results from our N-body simulations and investigate
the validity of universality for three different cosmologies.
We provide conclusions and an outlook in Section VI.
II. BACKGROUND AND METHODOLOGY
In this Section we describe how the dynamical effects of
massive neutrinos are taken into account in our approach.
We first discuss the basic physics and then present the
numerical implementation.
A. Dynamical Effects of Massive Neutrinos in
Structure Formation
In the early universe, neutrinos are in thermal equi-
librium and follow an ultra-relativistic Fermi-Dirac dis-
tribution. As the universe expands, the interaction rate
of neutrinos drops, resulting in neutrinos falling out of
thermal equilibrium. The evolution of their momenta
are dictated by the conditions at this point and scale as
the inverse of the scale factor ∼ 1/a. Therefore, even
at late times the velocity distribution may be obtained
from an approximate ultra-relativistic Fermi-Dirac dis-
tribution with an effective temperature T ∼ 1/a, de-
spite the typical neutrino velocities being small v ∼
150km/s (1eV/mν) (1.0 + z).
The thermal velocities erase the growth of neutrino
perturbations at scales below the free streaming scale
kfs ∝ aH/v, but allow its growth at large scales. This is
in contrast to cold dark matter, where the thermal disper-
sion is close to zero unless sourced by structures. Since
density fluctuations source the growth of matter pertur-
bations, this implies a stronger growth of matter fluctua-
tions at large scales than small scales. Thus, in a universe
where a fraction of the matter density includes signifi-
cant contributions from massive neutrinos, the growth of
CDM fluctuations becomes scale-dependent.
3While neutrinos source the growth of structure only
on large scales where their density is relatively smooth,
their velocities mostly prevent them from being captured
by the gravitational potential wells of dark matter struc-
tures. We employ a simple argument, following the dis-
cussion in Refs. [23, 29], to obtain an estimate of the
comoving size of dark matter structures that can bind
neutrinos of a certain mass. Since a neutrino is captured
by a potential well if the well grows during the neutrino’s
travel time through it – and the time-scale of growth of
cosmic structures is related to a Hubble time 1/H(t) –
only those neutrinos that are slow enough to not cross the
structure in a time larger than the time required for the
potential to grow can possibly be captured. This leads to
an estimate that neutrinos of mass mν ∼ 1eV might be
weakly captured by structures of comoving size ∼ 1Mpc,
i.e., a cluster-sized object. Given the constraints from
Planck, a single neutrino is likely to be much lighter and
even more weakly bound to a cluster. A different analy-
sis based on studying spherical collapse models [24] also
suggests that for neutrino masses much lighter than one
eV, neutrinos would not be significantly captured even by
a cluster. At the same time we also know that high mass
objects such as groups or clusters are relatively rare, with
most of the significant matter overdensities being present
in the form of much smaller halos.
Based on the above discussion, our treatment of mas-
sive neutrinos includes the following effects (discussed
here in the specific context of νΛCDM where the dark
energy component is assumed to be arising from a cos-
mological constant):
1. Background evolution of the universe: Due to the
addition of a neutrino background, the overall mass
density changes. For the larger neutrino masses
that we will be concerned with, the background
density of neutrinos calculated from the Fermi-
Dirac distribution for late times of interest z ≤ 200,
evolves like matter:
ρν ∼ (1 + z)−3. (1)
2. Initial conditions: The presence of the neutrino
fluctuations implies that the spectrum of CDM and
baryon density fluctuations at an earlier time (such
as z = 100) is different from that of a ΛCDM model
with the same background cosmology and variance
of fluctuations, as given by σ8.
3. Scale-dependent clustering: Due to the free stream-
ing of neutrinos, the growth of the matter power
spectrum is scale dependent, as the cold dark mat-
ter is also sourced by neutrino fluctuations at large
scales, but not at small scales. We can describe this
at the linear level via
δρcbνΛCDM (k, z) = D(k, z)δρ
cb
νΛCDM (k, z = 0). (2)
Note that neutrino capture in dark matter dominated
halos is most likely insignificant as discussed above and
is not included in our numerical approach.
B. Simulation Methodology
The evolution of cold collisionless matter fluctuations
in an expanding universe is well-described by the Vlasov-
Poisson equation (VPE). Because of its high dimension-
ality and the formation of structure at very small scales
that can cause breakdown of grid-based techniques, N-
body methods are the standard approach to solve the
VPE. The finite value of the particle mass used in such
simulations can lead to artificial collisional effects that
must be controlled on the spatial scales of interest. In
the case of a multi-species simulation, collisionality in-
duced segregation effects can have potentially serious ef-
fects, especially if the relative tracer particle mass ra-
tios are large (for a recent study, see Ref. [32]). This
is of particular concern for massive neutrinos, since the
mass ratio between the masses of particles represent-
ing CDM-baryons mpcb and neutrinos m
p
ν , can be very
large, roughly two orders of magnitude. (Representing a
neutrino (CDM-baryon) mixed dark matter model with
particle implementations of neutrinos requires the rela-
tion mpν/m
p
cb = (Ncb/Nν)(ρν/ρcb) between the masses
assigned to the simulation particles and their numbers.)
Another problem is the large velocity dispersion of the
neutrinos relative to the coherent initial velocity pertur-
bation, motivating methods to suppress the associated
shot noise, some of which require many more neutrino
tracer particles. However, this is not a necessary con-
dition (see, e.g., Ref. [33]). To suppress various N-body
artifacts in νΛCDM N-body simulations (for an early pa-
per, see Ref. [34]), it is also customary to turn on the
gravitational interaction for neutrinos only at relatively
low redshifts (z < 10, e.g., Ref. [35]).
To avoid these difficulties, and to enable large volume
simulations with good mass resolution needed for group
and cluster-scale mass function studies, we use a differ-
ent approximation [31]. This approach works particularly
well at low neutrino masses, as it is a leading order ex-
pansion in fν = Ων/Ωm in the spirit of Ref. [36] (see also
Ref. [37]). The associated neutrino mass range is nicely
consistent with the upper limits from Planck.
For any cosmological model, the sum of neutrino
masses
∑
mν is related to important background quan-
tities through
ρν(z) = ρcrit(z = 0)
∑
mν
94eVh2
(1 + z)3, (3)
to evolve the neutrino density and solve the Friedmann
equations for the background values of all constituents.
Eqn. (3) is obtained from the Fermi-Dirac distribution
and valid at low redshifts, z <∼ 200, which are relevant
for the simulation. The particles in the N-body simula-
tions only represent cold dark matter and baryonic parti-
cles (gravity-only, no gas dynamics or feedback), and not
neutrinos. Neutrinos are taken to be smooth and have
no density fluctuation at any scales, and are evolved just
like, for example, the energy density corresponding to
a cosmological constant (except with a null equation of
4state parameter). Thus the particles have a mass
mp = ρcrit(z = 0) (Ωc + Ωb)
SimVol
Np
and this avoids the problems associated with treating
neutrinos as a separate species in the N-body simula-
tions. However, since the fluctuations on large scales are
not being sourced by the neutrinos, starting with a parti-
cle distribution having the linear power spectrum calcu-
lated for the cosmological model at the starting redshift
will result in a z = 0 power spectrum that has less power
on large scales than the linear matter power spectrum
for the same cosmological model. Therefore, we initialize
the simulation to have a compensated power spectrum at
the starting time that has slightly higher power at larger
scales than the linear power spectrum. More specifically,
we use the following prescription:
1. First, we calculate the z = 0 power spectrum as-
sociated with baryons and cold dark matter only
for the cosmological model with massive neutri-
nos: P cbνLCDM,lin(k, z = 0). This is done by us-
ing the z = 0 transfer functions for the cold dark
matter and baryonic components calculated from
CAMB [38, 39] and the primordial power spectrum.
2. Next, we solve the ODE for the linearized growth
of perturbations to obtain the growth function in a
universe where the neutrino density has zero fluctu-
ations to obtain D2smoothν(z) and find the compen-
sated linear power spectrum in the smoothν model
as
P cbsmoothν,lin(z) = D
2
smoothν(z)P
cb
νLCDM,lin(z = 0) (4)
3. Finally, the initial conditions of the particles in
the N-body simulation are set by initial displace-
ments and velocities of each particle from a uni-
form grid, where these displacements and velocities
are calculated from a Zel’dovich move so that they
are a realization drawn from the power spectrum
P cbsmoothν,lin(z).
This means that for any redshift, the linear cold dark
matter, baryon component of the power spectrum is re-
lated to the true linear power spectrum with the same
components as:
P cbsmoothν(z) =
D2smoothν(z)
D2νLCDM(k, z)
P cbνLCDM,lin(z),
where D2νLCDM(k, z) is a scale dependent growth function
in the νLCDM model. Thus, P cbsmoothν(z) is always larger
than P cbνLCDM(z) at large scales. Physically, this means
that the initial conditions have more clustering at large
scales, but since the power on these scales does not grow
as fast as it would if the neutrinos acted as a source, the
power spectrum catches up to P cbνLCDM,lin(z) at z = 0.
In Ref. [31], we have shown that the power spectrum
obtained from this set of simulations correctly matches
linear perturbation theory at the largest scales at low red-
shifts (z < 2), as well as the power spectrum calculated
using Time-RG perturbation theory at mildly nonlinear
scales. We can use time-RG perturbation theory to check
whether our methodology is consistent, by 1) checking
the agreement at scales before the perturbation theory
breaks down, and 2) checking that the change in the
CDM-baryon power spectrum is small when the sourcing
due to the clustered neutrinos is included and when it is
not. As shown in Ref. [31], both of these tests are satisfied
to high accuracy over the redshift range of observational
interest. Additionally, a test carried out recently compar-
ing the Mira-Titan Universe emulator [40] P (k) predic-
tion with
∑
mν = 0.15eV, which uses the same method
as described here, against a low-noise N-body simulation
with massive neutrinos (albeit at worse mass resolution
than the simulations described here) shows very good
agreement in the nonlinear power spectrum over the ex-
pected range of scales [33, 41].
All of these results provide an excellent confirmation
of our basic methodology, which, as stated above is par-
ticularly well suited to large-scale structure simulations
in large volumes, that evolve large particle numbers, and
include a lower range of neutrino masses. Finally, note
that we are working in the “single species approximation”
rather than with, for example, three degenerate species.
This assumption is expected to be a good approximation
at low neutrino mass.
III. MASS FUNCTION UNIVERSALITY
The main idea of universality is that halo mass func-
tions, while arising from the nonlinear regime of growth
of large-scale structure, can nevertheless be estimated en-
tirely from knowing the linear power spectrum for any
cosmological model. The mass function is written as
dn
d ln (M)
=
ρbg
M
f [σ(M, z)]
d ln [σ−1(M, z)]
d ln (M)
, (5)
where the values of σ(M, z) are calculated from the mass
of the halos and the comoving density of components
clustering in the halos:
M =
4pi
3
R3(M)ρbg(z = 0), σ(M, z) = σ[R(M), z],
(6)
where σ(R(M), z) is given by
σ2(R, z) =
∫
dkk2W˜ 2(k)P (k, z)
(
2pi2h3/h3
)
, (7)
and W is a tophat filter in real space and P (k, z) is the
linear matter power spectrum.
The idea behind universality was implicit in the Press-
Schechter like studies which suggested forms for f(σ)
5based on quantities from spherical collapse. More re-
cently, N-body simulations have been used to demon-
strate the (approximate) validity of universality by repro-
ducing the mass function of a single cosmological model
at different redshifts by using the values of σ(R) at those
redshifts [18]. This confirms the idea in the form that
the linear power spectrum at different redshifts provides
sufficient information to estimate the mass function, but
it does not show that the same universal form can es-
timate the mass function to a sufficiently high accuracy
for different models (and for different definitions of halo
mass). Studies focusing on wCDM models show that the
assumption of universality holds only at the 10 − 15%
level. Thus, it is unclear just how well this description
will work for a νΛCDM model or a dynamical dark en-
ergy model.
Usually the linear power spectrum and the variance of
density fluctuations are quantitative measures of the clus-
tering in a single time snapshot of the universe, and have
no dynamical connection. In contrast, inserting these
quantities into the universal fitting functions through
σ(R, z), which can provide estimates of the time evo-
lution of observables like the mass function, uses them
as dynamical quantities. Thus the exact convention and
definition used for the power spectrum is extremely im-
portant. For an Einstein de-Sitter model, the choice of
power spectrum is obvious, and is the power spectrum of
of the overdensity δ(x) ≡ δρ(x)/ρ. For a ΛCDM model,
the power spectrum used is the power spectrum of the
matter overdensity
δm(x) =
δρm(x)
ρm(x)
. (8)
For a model with neutrinos, several possibilities exist to
generalize the choice of the power spectrum for universal-
ity studies from Einstein de-Sitter: first, one may include
all background components that evolve as ∼ (1 + z)3 in
calculating δm(x) as defined above. Evolving perturba-
tions linearly then yields the familiar density contrast
that is used in the computation of power spectra in lin-
ear perturbation theory (as, e.g., in CAMB) defined as
δlin(x) =
δρc(x, z) + δρb(x, z) + δρν(x, z)
ρc(z) + ρb(z) + ρν(z)
. (9)
A second choice in generalization is to use the overden-
sity of the clustering CDM-baryon components and leav-
ing the neutrino density out in analogy to how dark en-
ergy density is treated, recognizing that neutrinos hardly
cluster at the relevant scales. This gives us:
δcb(x) =
δρc(x, z) + δρb(x, z)
ρc(z) + ρb(z)
. (10)
Finally, we investigate the matter overdensity for the
smoothνCDM model, using the idea of Eqn. (9) to cal-
culate the background density, but explicitly setting the
spatial variation of the neutrino density to zero:
δsmoothνCDM(x) =
δρc(x, z) + δρb(x, z)
ρc(z) + ρb(z) + ρν(z)
, (11)
which is consistent with the fact that neutrinos behave
like CDM on very large scales. We note that Eqn. (10)
and Eqn. (11) differ only by a time dependent normal-
ization but this is important for universality studies due
to the nonlinearities of the fitting functions [Eqns. (5)].
IV. SIMULATION SPECIFICATIONS
A sufficiently high precision study of the mass func-
tion of halos requires large volume N-Body simulations
with good mass and spatio-temporal resolution. The re-
quirements for such studies, and the systematic biases
incurred if the requirements are not met, have been ex-
amined in detail in a number of previous papers, see, e.g.
Refs. [19, 20, 42–44]. Due to the steepness of the halo
mass function, a small fractional bias in the halo mass
manifests itself as a much larger shift in the mass func-
tion. In the following we summarize the main require-
ments for gravity-only simulations to provide accurate
results for mass function measurements.
1. Large simulation volume: This is necessary to ob-
tain good statistics for high mass halos, which are
rare because of the steep fall-off of the mass func-
tion at high masses. Additionally, boxes that are
too small suppress nonlinear evolution and conse-
quently depress the mass function.
2. High mass resolution: Each halo needs to be sam-
pled with a sufficient number of particles to obtain
stable estimates of the halo mass at the smallest
mass scale of interest.
3. Force resolution and time-stepping: The force res-
olution needs to be matched to the mass resolution
and should be sufficiently small compared to the
spatial extent of the halo. Time-stepping errors
can also lead to a diffusive effect and need to be
properly controlled.
Our work is based on a set of simulations using the
HACC framework. The details of the implementation of
HACC for ΛCDM simulations are described in Ref. [45–
47], while the modifications implemented to take into ac-
count effects from neutrinos and dynamical dark energy
equation of state are given in Ref. [31]. As detailed in
the following, we have made careful choices for our sim-
ulation set up to ensure that we accurately address the
listed conditions. Each simulation evolves 32003 parti-
cles in a (2100 Mpc)3 box. This volume leads to good
statistics in the cluster mass range up to halo masses
of ∼ 1015M. Depending on the exact cosmological
parameters, the particle mass in the simulations is ap-
proximately mp ∼ 1010M, which provides good par-
ticle sampling in the halo mass range characteristic of
groups and clusters. Our studies cover a mass range of
∼ 4.2 · 1012M to ∼ 1.4 · 1015M, leading to a parti-
cle sampling of ∼ 420 − 140, 000 per halo. As was first
shown in Ref. [42] and later confirmed but slightly revised
6TABLE I: Cosmological models investigated in this paper; each simulation evolves 32003 particles in a (2.1 Gpc)3 volume.
Model mp[10
10M] ωcdm ωb ων ns σ8 h w0 wa Σmν [eV]
ΛCDM 1.05 0.1109 0.02258 0.0 0.963 0.800 0.7100 -1.0 0.0 0.0
νΛCDM 0.97 0.1009 0.02258 0.010 0.963 0.800 0.7100 -1.0 0.0 0.94
νDDE 1.19 0.1280 0.0232 0.00311 0.880 0.805 0.7342 -1.2 -1.11 0.292
in Ref. [20], the sampling for the low mass halos in our
simulations will lead to a mass uncertainty of less than
2% and for the high mass halos less than 0.1%. The force
resolution in the simulations was set to 6.6kpc. Follow-
ing the tests carried out in Ref. [20], this force resolution
ensures accurate capture of the halos at the mass ranges
considered here. Time stepping tests were carried out in
the past for HACC and we ensured that our simulations
are properly converged with the settings chosen. Some of
these simulations were used in Ref. [31] to study the valid-
ity of the Time-RG approach to predict the matter power
spectrum. The tests there showed excellent agreement of
the simulations with the Time-RG predictions, confirm-
ing the accuracy of our simulations on large scales. The
initial redshift is chosen to be zin = 200, ensuring that
the halos had enough time to evolve correctly. Simulation
outputs at z = 0, 1, 2 are used to study the evolution of
the mass function, bracketing a range of interest relevant
to observations.
We report results from simulations covering 1) a ref-
erence ΛCDM model, 2) a νΛCDM model with a single-
species massive neutrino (with
∑
mν = 0.94eV), and
3) a dynamical dark energy model, νDDE, with a lower
neutrino mass sum. Cosmological parameters and the
resulting mass resolution for each model are given in Ta-
ble I; note that spatial flatness is assumed. More details
about the models are discussed in Section V.
V. RESULTS
Our studies of the impact of neutrino masses on the
halo mass function use the following cosmological mod-
els (the parameters of the models are summarized in Ta-
ble I): a reference flat ΛCDM model with massless neu-
trinos for comparison and test purposes, a ΛCDM model
with a single-species massive neutrino where the energy
density of massive neutrinos accounts for a nontrivial
fraction (7.5%) of the matter density, or in other words
with
∑
mν = 0.94eV (νΛCDM in Table I), and a dy-
namical dark energy simulation with a lower contribu-
tion from neutrino mass,
∑
mν = 0.292eV (or where the
energy density of the neutrinos is 3.2% of the matter den-
sity, νDDE in Table I). The dynamical dark energy with
equation of state is parameterized via w0, wa, following
Refs. [48, 49]: w(a) = w0 + wa(1 − a). The density of
the cold dark matter in the νΛCDM model is lowered
by the amount of the massive neutrino density, so that
the baryon and dark energy densities is the same as in
the ΛCDM model with massless neutrinos. Both mod-
els are normalized to the same σ8 (the variance of den-
sity fluctuations smoothed on scales of 8h−1Mpc), lead-
ing to a larger amplitude for the power spectra for the
νΛCDM model at large scales. The neutrino masses are
chosen to be large enough to cause distinguishable vari-
ations in the mass function from a corresponding model
with massless neutrinos and a similar value of σ8, and
be relevant for the range of masses directly probed by
observation. The νDDE model is an example of less
studied models which involve both massive neutrinos
and phantom dark energy models with w0 = −1.2 and
wa = −1.11.
A. Mass Function Measurements
First, we briefly describe the methodology and mass
definition used to measure the halo mass function from
our simulations. The halos are obtained from outputs
at three redshift slices z = 0, 1, 2 using the friends-of-
friends (FOF) algorithm [50] with a linking length of
b = 0.2. This value for the linking length is custom-
ary for mass function studies involving universality, see,
e.g., Refs. [18, 43, 51]. We then bin the halos in the mass
range from 3.0 ·1012−1.0 ·1015h−1M into 20 equal mass
bins of size ∆M , each represented by a corrected arith-
metic mean M¯ of the masses of halos in that bin. Next,
we find the number of halos Nbin in each bin. In evaluat-
ing the mean mass M¯, the masses of individual halos are
adjusted using the empirical correction factor discussed
in Refs. [20, 42] which accounts for the FOF mass bias
due to the finite number of particles in halos. The correc-
tion is given by ncorrh = nh(1 − n0.65h ), where nh denotes
the number of particles in the halo. We only report mass
function results in a mass range where the number of
particles in halos is larger than 400 and the correction
factor is therefore small. The mass function dn/d ln (M)
is estimated by (Nbin/SimVol)(M¯/∆M), where SimVol is
the comoving volume of the simulation. The statistical
uncertainty in these calculated values of the mass func-
tion is due to Poisson fluctuation of the number of halos
in a given mass bin.
B. ΛCDM Mass Function
We first investigate the halo mass function for the
ΛCDM cosmology with zero neutrino mass. The mass
function (FOF, b = 0.2) for such models has been the
subject of several studies, therefore we can easily test
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FIG. 1: Halo mass function at redshifts z = 0, 1, 2 with Pois-
son errors from the ΛCDM cosmology simulation (see Table I
for details of the parameters).
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FIG. 2: Comparison of the ΛCDM mass function results
(Fig. 1) to two fitting functions: Black squares with error
bars show the ratio of the simulation results to the predic-
tions from Bhattacharya et al. [20] taken as the reference.
The red line represents the ratio of the MICE fit [19] to the
reference. The redshift range for the MICE fit is restricted
[0,1], hence the ratio is not shown for z = 2.0. The gray band
represents a ±10% variation from unity.
for consistency with previous work. In Fig. 1, we show
the halo mass function at three different redshifts. The
asymmetric error bars σ± =
√
Nbin +
1
4 ± 12 represent
uncertainties due to Poisson fluctuations and are com-
puted from the number of halos in the bin Nbin, following
Ref. [52].
Our results for the ΛCDM model should be consistent
with those obtained from previous N-body simulations
at good accuracy. Since other studies used slightly dif-
ferent cosmological parameters, a direct comparison of
the mass function is difficult. Instead, we compare our
results to universal fitting functions in terms of f(σ).
These have been advertised to be valid over certain mass
ranges and certain families of cosmology and therefore
provide a good test. Throughout this paper, we use two
different expressions for the fitting function. The first
fitting function is provided in Ref. [20] and is of the form
f(σ, z) = A˜
√
2
pi
exp
[
− a˜δ
2
c
2σ2
](
1 + (
σ2
a˜δ2c
)p˜
)(
δc
√
a˜
σ
)q˜
.
(12)
Based on a large suite of simulations, this was estimated
to be accurate at about two percent for ΛCDM models,
in the mass range 1011 − 1015h−1M at redshifts z =
0−2. For brevity, we will refer to this fit in the following
as the Bhattacharya fit. The second fitting function we
use for our investigation is provided in Ref. [19]:
f(σ) = A(σ−a + b) exp (−c/σ2). (13)
This fit is based on the MICE simulations, and was ad-
vertised to be correct at the ten percent level over the
mass range 1010 − 1015h−1M with an associated red-
shift range of z = 0 − 1. We will refer to this fit as the
MICE fit for the remainder of the paper.
We display our mass function results for the ΛCDM
model at three redshifts in Fig. 1. In Fig. 2 we compare
our results with the two fits. We use the functional form
for the mass function given in Eqn. (5) and for the two fits
insert the expressions for f(σ) given in Eqs. (12) and (13).
We use the Bhattacharya fit as baseline in this plot. The
black squares show the ratio of the simulation result with
respect to the Bhattacharya fit, while the red line shows
the ratio of MICE fit and the Bhattacharya fit directly.
The error bars represent the statistical errors from our
simulations; the gray bands show the ten percent region
of agreement with respect to the Bhattacharya fit.
The ΛCDM results shown in Fig. 2 are in good agree-
ment with the previous studies, keeping in mind that we
have a single box, so some realization scatter is to be ex-
pected, in particular at high masses. We would need a
much larger simulation volume to actually check if we are
consistent with the Bhattacharya fit at the two percent
level. The comparison with the MICE simulations shows
good consistency at z = 0, but there is some divergence
at redshift z = 1. It should be noted, however, that this
is at the very edge of the redshift range over which the
MICE simulations were originally fitted.
C. Neutrino Effects on the Mass Function
The verification of our mass function results for the
ΛCDM model via comparison to previously obtained fit-
ting functions now allows us to turn to the effects of
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FIG. 3: Halo mass function ratio (black squares) at redshifts
z = 0, 1, 2 from the νΛCDM and ΛCDM models (Table I)
showing suppression of the mass function by massive neu-
trinos. In the νΛCDM run, a fraction of cold dark matter
in the ΛCDM model is replaced by massive neutrinos with∑
mν = 0.94eV, while holding σ8 unchanged. The solid black
curve shows the predicted fitting function ratios taken from
Ref. [20], modified to use Eqn. (11) in the universality fit as
discussed in Section III. As a cautionary note we point out
that results at high masses at z = 1, 2 are uncertain due to
limited statistics, both for the simulation results and for the
asymptotics of the fitting form used.
massive neutrinos on the halo mass function. We begin
by considering massive neutrinos in a ΛCDM cosmology.
In what follows below, the mass of the halo is taken to
be the mass of the FOF halo of CDM-baryon particles,
while the background density is taken to be the density
of the CDM-baryons and neutrinos.
Fig. 3 shows the suppression of the mass function due
to a fraction of the cold dark matter component being re-
placed by massive neutrinos. We measure the ratio of the
mass function of the νΛCDM model to the mass function
of the ΛCDM model (see Table I for the details). The
only difference between these two models is that 7.5% of
the dark matter is replaced by a non-clustering smooth
neutrino fluid where we use a single-species massive neu-
trino model. We note that the suppression in the mass
function is quite large, particularly at high masses where
at redshift z = 0, this can be a ∼ 20% effect. At higher
redshifts, the effect is systematically larger. (The very
good statistical accuracy of our results implies that in
future we can study the suppression of the mass function
quite comfortably at lower neutrino masses.) We note
that at the higher redshifts halos at the upper end of the
mass range are rarer, and our results become statistically
limited. In particular the shape of the suppression can-
not be predicted well at masses (approximately) greater
than 3 · 1014h−1M at z = 0, 1014h−1M, at z = 1, and
3 ·1013h−1M, at z = 2. However, larger simulations can
0.8
1.0
1.2
z = 0.0
0.8
1.0
1.2
m
as
sf
n/
fit
z = 1.0
1012 1013 1014 1015
Mass (h 1M )
0.8
1.0
1.2
z = 2.0
CDM
Fit 0
FIG. 4: Universality of the mass function in a νΛCDM cos-
mology. The black squares show the ratio of the mass func-
tion evaluated from the simulations to the mass function pre-
dicted by the universal fitting function form of Ref. [20] for the
νΛCDM model cosmology (
∑
mν = 0.94eV) using Pcb as the
linear power spectrum used in calculating σ(M) in the input
to the fitting functions [Eqn. (11)]. The red curve shows the
ratio of the fitting function with a linear power spectrum in-
cluding the effects of neutrino sourcing leading to an effective
scale-dependent growth [Eqn. (9)]. The gray bands represent
a 10% error spread.
easily be used to extend this range.
It is interesting to note that the form of the suppression
– up to the mass ranges indicated above – is very well
described by the Bhattacharya fit using the overdensity
δsmoothνCDM given in Eqn. (11) as the appropriate input
solid curve in Fig. 3). The asymptotic forms of analytic
mass function fits suffer from the same statistical prob-
lems as the raw data fits at high mass, and the upturn in
the ratio at high masses should not be over-interpreted.
To continue our investigation of how well universality-
inspired fits work for the mass function in neutrino
cosmologies, we present results for the νΛCDM model
alone in Fig. 4. The primary purpose here is to show
that the mass function from the simulation follows
the universal form computed using the power spectrum
PsmoothνCDM based on the overdensity δsmoothνCDM as
given in Eqn. (11), in contrast to the alternative option
of using δlin as defined in Eqn. (9); the two predictions
are the same at z = 0, but will differ as a function of red-
shift. There is excellent agreement between the simula-
tion results and the “universal” prediction based on using
δsmoothνCDM. In the statistically well-described region of
halo masses, the fits with the linear power spectrum eval-
uated directly from CAMB, i.e., with the density contrast
in Eqn. (9) used in the evaluations, appear to be mildly
disfavored (red curves in Fig. 4).
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FIG. 5: Testing universality of the mass function in a cos-
mology with massive neutrinos and a dynamical dark energy
(conventions as in Fig. 4). The universal fitting function of
Ref. [20] is used for the νDDE model (
∑
mν = 0.29eV, in
a dynamical dark energy cosmology) using Pcb as the linear
power spectrum used in calculating σ(M) as input to the fit-
ting functions.
D. Neutrinos and Dynamical Dark Energy
The final set of results is based on a cosmological sim-
ulation with massive neutrinos and a dynamical dark en-
ergy. This model has a smaller neutrino mass than the
one used for the νΛCDM case: Σmν = 0.29 eV along with
equation of state parameters w0 = −1.2 and wa = −1.1
(for the complete parameter set, see Table I).
The results, shown in Fig. 5, are presented in exactly
the same way as in Fig. 4, with the black squares show-
ing the ratio between the mass function as measured from
the simulation to the mass function obtained using the
universal fitting functions with a smooth non-clustering
neutrino component. In contrast, the red curves show the
mass functions derived from universal fits using a linear
power spectrum computed using the density contrast of
Eqn. (9) that evolves with redshift with effects of neu-
trino sourcing included. With a mass much smaller than
∼ 1eV and in the range that is closer to current obser-
vational constraints, the difference between these predic-
tions is negligible. On the other hand, we note that with
both massive neutrinos and dynamical dark energy with
an equation of state much less than −1 driving it away
from the normal ΛCDM models by causing aggressive ac-
celeration, universality does not hold as well in this case
even at redshift z = 0.
This result is consistent with the finding of Ref. [20]
that accuracy of universal mass function predictions re-
duces to approximately 10% for wCDM cosmologies.
(Note, however, that this study did not include mas-
sive neutrinos.) Neutrino masses within the current data
bounds do not significantly increase the errors or sig-
nificantly affect the universality violations of the mass
function. This is true for a cosmological constant as well
as dark energy with a rapidly-varying equation of state.
However, even a 10% error is unacceptably large for up-
coming surveys. Reducing this error will require either a
theoretical advance in quantifying the universality viola-
tion or the emulation of the dark-energy-dependence of
the fitting function based on a suite of simulations.
VI. SUMMARY AND DISCUSSION
The abundance of rich galaxy groups and clusters is a
key cosmological probe based on large-scale structure for-
mation. The power of this probe relies in turn on robust
theoretical predictions of the halo mass function, which
currently require running large N-Body simulations. For
a cosmology with massive neutrinos, and where one also
has to include the effects of nontrivial dark energy mod-
els, standard N-Body approaches can be very computa-
tionally expensive. Therefore, it is important to study
whether simplified approaches made possible by certain
assumptions can be reasonably effective, both for simpli-
fying the simulations and in providing successful fitting
forms for the simulation results. (Regarding the latter,
an approach based on the assumption of universality is
particularly attractive.)
The approach to the N-body simulations used here
makes the simplifying assumption that, in the currently
observationally allowed mass range, neutrinos cluster
weakly in comparison to cold dark matter, allowing for
an asymmetric treatment of neutrino perturbations. In
previous work, the nonlinear power spectrum from these
simulations has been shown to be accurate in the pertur-
bative regime by comparing to Time-RG perturbation
theory [31]. A recent comparison with a full N-body ap-
proach also shows good agreement [41]. In this paper,
we use the simplified simulation technique to predict the
halo mass function for massive neutrino cosmologies.
We present the mass functions obtained from our sim-
ulations and compare them against fitting functions ob-
tained using notions of universality. Having taken requi-
site care so that the simulations have the quality char-
acteristics required for good estimates of mass functions,
we first show that our mass functions (at different red-
shifts) obtained for a ΛCDM model are in good agree-
ment with previous simulations performed with different
N-Body codes and by different groups. We then com-
pare the mass functions obtained from our simulations
to those from universal fitting functions in the case of
massive neutrinos and dynamical dark energy.
The prescription for extending universality to
νΛCDM models is unclear, with a variety of possible
options, as discussed in Sec. III. Given that the neutrino
clustering scale is so large, and previous work based on
spherical collapse models, we argue for a prescription
that should best describe the results from N-body simu-
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lations. This is one where the quantities in the fits are
calculated from the power spectrum of an overdensity
δsmoothνCDM as defined in Eqn. (11).
Studying two different cosmological models, a
νΛCDM cosmology which has
∑
mν = 0.94eV and a dy-
namical dark energy model (see Table I), we show (Figs. 4
and 5) that our simulation results in both of these cases
are in good agreement with the universal fits carried out
as described above. We also show that the universal fit-
ting functions do not match the mass functions from the
simulations for the νDDE model for a dynamical dark
energy model far away from ΛCDM at precision levels
comparable to the other cases, even at z = 0. This is con-
sistent with previous studies, and points to the necessity
for emulators in place of fitting functions for precision
cosmology calculations.
VII. ACKNOWLEDGEMENTS
Work at Argonne National Laboratory was supported
under U.S. Department of Energy contract DE-AC02-
06CH11357. This research used resources of the Argonne
Leadership Computing Facility, which is a DOE Office
of Science User Facility supported under Contract DE-
AC02-06CH11357.
RB acknowledges partial support from the Washing-
ton Research Foundation Fund for Innovation in Data-
Intensive Discovery and the Moore/Sloan Data Science
Environments Project at the University of Washington.
[1] P.A.R. Ade et al. [Planck Collaboration],
arXiv:1502.01589 [astro-ph.CO].
[2] L. Anderson et al. [BOSS Collaboration], Mon. Not. Roy.
Astron. Soc. 441, no. 1, 24 (2014)
[3] M. Betoule et al. [SDSS Collaboration], Astron. Astro-
phys. 568, A22 (2014)
[4] M. Tanabashi et al. (Particle Data Group), Phys. Rev.
D 98, 010001 (2018)
[5] A. A. Aguilar-Arevalo et al. [MiniBooNE Collaboration],
Phys. Rev. Lett. 121, no. 22, 221801 (2018)
[6] E.W. Otten and C. Weinheimer, Rept. Prog. Phys. 71,
086201 (2008)
[7] N. Aghanim et al. [Planck Collaboration],
arXiv:1807.06209 [astro-ph.CO].
[8] Y.Y.Y. Wong, Ann. Rev. Nucl. Part. Sci. 61, 69 (2011)
[9] J. Lesgourgues and S. Pastor, ‘Neutrino mass from
Cosmology,’ “Adv. High Energy Phys.” (Dec., 2012)
1212.6154.
[10] J.L. Feng et al., arXiv:1401.6085 [hep-ex].
[11] T. Abbott et al. [Dark Energy Survey Collaboration],
astro-ph/0510346.
[12] M. Levi et al. [DESI Collaboration], arXiv:1308.0847
[astro-ph.CO].
[13] P.A. Abell et al. [LSST Science and LSST Project Col-
laborations], arXiv:0912.0201 [astro-ph.IM].
[14] D.J. Bacon et al. [SKA Collaboration], [arXiv:1811.02743
[astro-ph.CO]].
[15] S. Wang, Z. Haiman, W. Hu, J. Khoury and M. May,
Phys. Rev. Lett. 95, 011302 (2005).
[16] W.H. Press and P. Schechter, Astrophys. J. 187, 425
(1974).
[17] R.K. Sheth, H.J. Mo and G. Tormen, Mon. Not. Roy.
Astron. Soc. 323, 1 (2001)
[18] A. Jenkins, C.S. Frenk, S.D.M. White, J.M. Colberg,
S. Cole, A.E. Evrard, H.M.P. Couchman, and N. Yoshida,
MNRAS321, 372 (2001)
[19] M. Crocce, P. Fosalba, F.J. Castander, and
E. Gaztan˜aga, MNRAS 403, 1353 (2010)
[20] S. Bhattacharya, K. Heitmann, M. White, Z. Lukic,
C. Wagner and S. Habib, Astrophys. J. 732, 122 (2011)
[21] E. Lawrence, K. Heitmann, M. White, D. Higdon,
C. Wagner, S. Habib and B. Williams, Astrophys. J. 713,
1322 (2010)
[22] K. Heitmann et al., Astrophys. J. 820, no. 2, 108 (2016)
[23] K. Ichiki and M. Takada, Phys. Rev. D 85, 063521 (2012)
[24] M. LoVerde and M. Zaldarriaga, Phys. Rev. D 89, no. 6,
063502 (2014)
[25] M. LoVerde, Phys. Rev. D 90, no. 8, 083530 (2014)
[26] M. LoVerde, Phys. Rev. D 90, no. 8, 083518 (2014)
[27] J. Brandbyge, S. Hannestad, T. Haugboelle and
Y.Y.Y. Wong, JCAP 1009, 014 (2010)
[28] E. Castorina, E. Sefusatti, R. K. Sheth, F. Villaescusa-
Navarro and M. Viel, JCAP 1402, 049 (2014)
[29] Y. Ali-Haimoud and S. Bird, Mon. Not. Roy. Astron. Soc.
428, 3375 (2012)
[30] E. Castorina, C. Carbone, J. Bel, E. Sefusatti and
K. Dolag, JCAP 1507, no. 07, 043 (2015)
[31] A. Upadhye, R. Biswas, A. Pope, K. Heitmann, S. Habib,
H. Finkel, and N. Frontiere, Phys. Rev. D 89, 103515
(2014)
[32] J. D. Emberson, N. Frontiere, S. Habib, K. Heitmann,
P. Larsen, H. Finkel, and A. Pope, arXiv:1811.03593
[astro-ph.CO].
[33] A. Banerjee and N. Dalal, JCAP 1611, no. 11, 015 (2016)
[34] A. Gardini, S.A. Bonometto and G. Murante, Astrophys.
J. 524, 510 (1999)
[35] D. Inman, J.D. Emberson, U.-L. Pen, A. Farchi, H.-
R. Yu, and J. Harnois-De´raps, Phys. Rev. D 92, 023502
(2015)
[36] S. Saito, M. Takada and A. Taruya, Phys. Rev. D 80,
083528 (2009)
[37] S. Agarwal and H. A. Feldman, Mon. Not. Roy. Astron.
Soc. 410, 1647 (2011)
[38] A. Lewis, A. Challinor and A. Lasenby, Astrophys. J.
538, 473 (2000)
[39] A. Lewis and A. Challinor, Phys. Rev. D 66, 023531
(2002)
[40] E. Lawrence, K. Heitmann, J. Kwan, A. Upadhye, D.
Bingham, S. Habib, D. Higdon, A. Pope, H. Finkel, and
N. Frontiere, Astrophys. J. 847, 50 (2017)
[41] A. Banerjee, D. Powell, T. Abel and F. Villaescusa-
Navarro, JCAP 1809, no. 09, 028 (2018)
[42] M.S. Warren, K. Abazajian, D.E. Holz and L. Teodoro,
Astrophys. J. 646, 881 (2006)
11
[43] Z. Lukic, K. Heitmann, S. Habib, S. Bashinsky, and
P.M. Ricker, Astrophys. J. 671, 1160 (2007)
[44] T. McClintock et al., arXiv:1804.05866 [astro-ph.CO].
[45] S. Habib et al., New Astron. 42, 49 (2016)
[46] S. Habib et al., arXiv:1211.4864 [cs.DC].
[47] S. Habib, et al., J. Phys. Conf. Ser.,180,012019
[48] M. Chevalier and D. Polarski, Int. J. Mod. Phys. D10,
213, (2001)
[49] E. Linder, Phys. Rev. Lett. 90, 091301 (2003)
[50] M. Davis, G. Efstathiou, C.S. Frenk, and S.D.M. White,
Astrophys. J. 292, 371 (1985)
[51] S. More, A. Kravtsov, N. Dalal, and S. Gottlober, Astro-
phys. J. Suppl. 195, 4 (2011)
[52] J. Heinrich, Coverage of Error Bars for Poisson Data
CDF Reports on Statistics https://www-cdf.fnal.gov/
physics/statistics/notes/cdf6438_coverage.pdf
